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Abstract: The present study consists of a theoretical and experimental investigation of the effect of
axial mean stresses on the high cycle fatigue behaviour of DIN 34CrNiMo6 high strength steel
in quenched and tempered conditions. The axial S-N curves under 4 different stresses ratios
were obtained. Experimental results show that increasing the value of the tension mean stresses
gradually reduces the axial stress amplitude the material can withstand without failure. Moreover,
the compressive mean stresses show a beneficial effect in terms of the axial fatigue strength, resulting
in a non-symmetrical Haigh diagram. A historic review of the axial mean stress effect is presented,
showing the shape of the Haigh diagrams for ductile metals and presenting the most-known empirical
and physical theories. The results for this steel are compared with the physical theories of Findley
based on the critical plane; the Froustey’s and Marin’s methods, based on energetic theories; and the
Crossland invariants method based on the Gough’s theory of fatigue damage. Taking into account
the experimental results, a physical fatigue function based on energetic considerations is proposed.
Its application to the fatigue case with mean stresses can be interpreted in terms of a balance of elastic
energies of distortion and volume change. Macro-analyses of specimen fracture appearance were
conducted in order to obtain the fracture characteristics for different mean stress values.
Keywords: DIN 34CrNiMo6 steel; Haigh diagram; mean stress; high cycle fatigue; energetic
fatigue methods
1. Introduction
1.1. Historical Background
The objective of this study is to determine the mean stress effect on the fatigue behaviour of
quenched and tempered DIN 34CrNiMo6 steel with tensile strength σuts = 1210 MPa and tensile yield
strength σyp = 1084 MPa, in order to obtain a theoretical model based on physical principles which
could be used to model its behaviour under any combination of mean and variable stresses.
The modelling of the effect of mean stresses is a matter of paramount importance in the fatigue
field. In fact, the influence of the mean stress on the fatigue limit was already described by Wöhler in
1870 [1] as one of the main influential factors in the fatigue strength, decreasing the value of the fatigue
limit with the increase in mean tension.
The relative importance of axial mean stresses has been especially pointed out in the exhaustive
comparative multiaxial methods performed by Papuga in 2011 [2], which concluded that the ability
to correctly collect the effect of mean axial stresses is the most determining factor in the prediction
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capacity of a multiaxial fatigue method. Although practically all of the multiaxial methods take into
account the influence of axial mean stresses, the way in which they treat the effect of the same can
differ to a great extent.
In order to model the effect of the mean stresses, a multitude of formulations have been proposed,
most of which use the engineering tensile stress σuts or the monotonic yield stress σyp as one of the
parameters. In general, these formulas come from empirical approaches to correlate groups of tests on
particular materials. In the literature it is widely documented that there is no general empirical law to
relate the effect of mean stress on the fatigue limit [3–5].
In Figure 1, the mean axial stress σm is expressed as a fraction of the ultimate tensile strength
σuts, and is plotted as an abscissa; the axial stress amplitude σa is expressed as a fraction of the fully
reversed axial fatigue limit σ−1 and is plotted as an ordinate. As can be seen in Figure 1, in which
numerous results from the literature are gathered [6–16], the shape of these lines in the Haigh diagram
is indicative of the ductility of the material. It should be noted that most of the results lie within the
area drawn between the Smith and elliptical lines.
Figure 1. Normalized Haigh diagram showing the experimental results on 11 ferritic materials [6–16]
together with the Smith line for brittle metals and the Elliptical relationship for ductile metals.
The elliptical relationship, which is concave downward for any mean stress value, is highly
accurate to data on extra-ductile steels; it was proposed by Marin in 1956 [17] and is based in energetic
considerations. Its application to the uniaxial fatigue case is shown in Equation (1):
σa = σ−1 ·
√
1−
(
σm
σuts
)2
(1)
The Smith line [3], whose shape is convex downward, was devised as an empirical criterion to
adjust the results of brittle materials. It can be expressed through Equation (2):
σa = σ−1 ·
1− σmσuts
1 + σmσuts
(2)
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The different shape in the Haigh diagram for ductile and for fragile materials had an early
interpretation by Smith in 1942 [3] in terms of the microstructure: the brittle materials own internal
stress raisers.
1.2. Empirical Methods
Historically, the first tests of fatigue with mean stresses were performed by Wöhler [1]. Using this
data, Gerber [18] proposed in 1884 the following parabolic equation, known as the Gerber line or
relation, which was originally expressed through Equation (3):
σa = σ−1 ·
[
1−
(
σm
σuts
)2]
(3)
As can be inferred from Equation (3), the sign of the mean stress σm has no influence on the
alternating stress as it appears in squared form. This equation was fitted with precision to the
experimental data available at the time, when the tests with mean compression stresses were not
possible. As it was known that the mean compression loads are less damaging than the tensile ones,
by proposing a symmetric method with respect to the mean stresses as the parabola (2), the results in
compression would be on the safe side. Thus, Gerber’s main objective was to provide an empirical
design line adequate for mechanical engineering practice [11].
The work by O’Connor and Morrison in 1956 [11] was the first investigation with machinery able
to correctly apply compressive loads, showing a detrimental effect of the compressive mean stresses
for some materials. Later investigations confirmed this fact, as shown in Figure 2, where the results
on 6 ductile steels and aluminium alloys extracted from the literature [11–13,19,20] are presented in
a Haigh diagram, showing concave downward shapes. For instance, the effect of the compressive
mean stresses appear to be as deleterious as the tension mean stresses for the 25CrMo4 steel [13]
(Figure 2), showing a nearly symmetrical diagram.
Figure 2. Haigh diagram with ductile materials [11–13,19,20] with tensile and compressive mean
stresses, showing concave downward shapes for all the tested materials from 1956.
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For partly-brittle materials, the straight line is assumed as the best approximation [21].
Several authors have developed linear theories. In 1922, the Goodman’s theory [22] was modified by
Haigh [23]. The modified Goodman criterion can be expressed through Equation (4):
σa = σ−1 ·
(
1− σm
σuts
)
(4)
Another straight line approach is the contribution by Morrow [24], who proposed a modification
of Equation (4) by replacing the ultimate tensile strength σuts with the fracture strength σfB corrected
by Bridgman [25], resulting in Equation (5):
σa = σ−1 ·
(
1− σm
σfB
)
(5)
Morrow’s equation offers improved agreement with experimental results of steels when compared
to Goodman’s line according to some sources in the literature [26,27]. However, true fracture strengths
with the Bridgman correction are difficult to obtain and therefore usually unavailable, so that they have
to be estimated. A common estimation found in the literature is the one proposed by Dowling et al. [26],
which is usually considered to be valid up to 1700 MPa, and represented in Equation (6):
σfB = σuts + 345 MPa (6)
Another commonly used empirical correlation corresponds to Dietmann [28], who in the 70s of
the 20th century proposed the relationship represented by Equation (7):
σa = σ−1 ·
√
1− σm
σuts
(7)
This relationship shows a high statistical correlation with experimental data for tensile mean
stresses due to the fact that is located between the lines of Goodman and Gerber for most of the range
of R in axial mean stresses, where most of the experimental points are located according to some
collections of data from the literature [29]. For compressive mean loads, the fatigue strength increases
with the value of the compressive mean stress, showing a beneficial effect.
1.3. Methods Based on Physical Principles
In contrast to the Gerber, Goodman, Morrow and Dietmann empirical lines, some theories
were developed on the basis of physical principles to explain the fatigue damage, amongst them
the following:
• Gough hypothesis [7]: This theory states that effect of the mean stresses is due only to the damage
produced by the maximum stress reached during the cycle, with no regard for the mean stress
itself. This assumption led to the Crossland method [30], which uses the maximum hydrostatic
stress during the cycle as the damage parameter.
• Distortion energy theory [17]: In a theoretical material of von Mises, the effect of the normal
stress to the critical plane is quadratic, without any influence of the hydrostatic stress. Moreover,
equating the energies produced in N cycles in the case of completely reversed alternating stresses
and the case of superimposed static stresses to a variable stress, an elliptic relationship between
the mean and alternating stresses is obtained. This theory can be expressed analytically through
the Marin multiaxial fatigue method.
• Total strain energy theory [31]: The effect of the mean stresses is related to the total elastic
deformation energy stored. This hypothesis leads to the Froustey method, which leads to
an elliptic relationship between the mean and alternating stresses, as in the Marin method.
Metals 2018, 8, 213 5 of 19
• Findley critical plane [32]: The normal stress to high shear stress amplitudes planes allow the
propagation of a micro-crack initiated by shear stresses. As Findley remarks [33], this effect is
approximately linear in some materials, being clearly non-linear in others. For simplicity purposes,
a linear normal maximum stress to the critical plane was selected by Findley as one of the damage
parameters for the formulation of the Findley critical plane method.
The Crossland method [30] was presented in 1956 after a series of tests on En25T NiCrMo
quenched and tempered steel, including mean stress effect fatigue loadings [11]. Crossland concluded
that a linear function of the square root of the second invariant of the stress deviator and the maximum
hydrostatic stress had a good agreement for the majority of the tests on En25T steel. This method
was devised according to the Gough theory [7], which states that the fatigue damage provoked by
mean stresses is not due to the mean stress itself, but to the maximum stress reached within the cycle.
The Crossland method is usually defined through the Equation (8):√
J2,a + αC · σH,max ≤ λC (8)
where αc and λc are material parameters which can be adjusted with two tests, usually the fully
reversed axial fatigue strength σ−1, which takes a value of σ−1 = 615 MPa for the 34CrNiMo6
steel; and the fully reversed torsional fatigue strength τ−1, which was determined through a fifteen
specimens staircase, obtaining a value of τ−1 = 433 MPa. The calculation of the Crossland parameters
could therefore determined with the Equations (9a) and (9b).
αc = 3 · τ−1/σ−1 −
√
3 (9a)
λc = τ−1 (9b)
The application of the Crossland method to the axial fatigue case with mean stresses results in the
Equation (10):
σa = σ−1 −
(
1− σ−1√
3 · τ−1
)
· σm (10)
Therefore, a linear influence of the mean stress in the axial fatigue case is predicted by the
Crossland method. The tensile mean stresses create a detrimental effect in the fatigue strength,
and the compressive mean stresses increase the stress amplitude that the material can withstand
without failure.
The Marin method [17] is based on the distortion energy theory, and can be expressed through
Equation (11): (√
3 ·√J2,a
σ−1
)2
+
(√
3 ·√J2,m
σuts
)2
≤ 1 (11)
where
√
J2,a and
√
J2,m are amplitude and mean value of the square root of the second invariant of
the stress deviator, and σ−1 the fully reversed axial fatigue strength. Its application to the axial mean
stress loading case results in the elliptical relationship given in Equation (12):
σa ≤ σ−1 ·
√
1−
(
σm
σuts
)2
(12)
As can be inferred from Equation (13), Marin’s method is equally sensitive to the tension and
compression mean stresses. The Marin’s elliptical relationship shows an excellent agreement with
extra-ductile materials, which exhibit a symmetrical shape in the Haigh diagram, such as the 25CrMo4
steel represented in Figure 2.
The Froustey [31] method is based in the total elastic strain energy. Its application to the axial
fatigue case with mean stresses lead to the same equation of the Marin method, Equation (12).
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The Findley method [32] is a critical plane approach based on the plane that maximises the
damage function given by:
f (φ, θ) = τa∗(φ, θ) + αF · Nmax∗(φ, θ) (13)
Once the pair of angles (φ*, θ*) for which this function is maximum is obtained, the fatigue
indicator parameter given by Equation (13) is computed, where αF and λF are material parameters
which can be identified from endurance fatigue limits; usually the fully reversed axial and torsional
fatigue limits (σ−1 and τ−1).
τa
∗(φ∗, θ∗) + αF · Nmax∗(φ∗, θ∗) ≤ λF (14)
Findley’s method can be applied analytically to the axial fatigue loading with mean stresses
through Equation (15):
σa = 2 ·
√
λF2 · αF2 + λF2 − αF · λF · σm − 2 · αF · λF (15)
The constants αF and λF depend on the value of the fatigue ratio κ = σ−1/τ−1. By simple
inspection of Equation (15), it can be inferred that if κ takes a value of 2.0, which corresponds to the
Tresca criterion, αF becomes 0.0, so that the mean axial stresses produce no effect on the axial fatigue
strength. For materials following the Rankine maximum principal stress criterion, that is: κ ≈ 1,
the predicted influence of the mean axial stress is very high. This theory explains the fact that the
influence of mean axial stress is small for ductile metals but strong for brittle cast irons. The fatigue
ratio κ = σ−1/τ−1 is equal to 1.42 for the 34CrNiMo6 quenched and tempered steel, therefore takes
an intermediate value between the Tresca and Rankine theories.
Despite all the work performed over the years, the effect of the mean stresses remains a problem
of great interest in engineering practice, especially because of the introduction and development
of mechanical and thermal treatments to introduce residual compression stresses which improve
the fatigue strength of mechanical components [34]. Therefore, it is of paramount importance to
determine in a very precise way the effect of mean compression loads, in order to correctly evaluate
the effectiveness of mechanical and thermal treatments based on the introduction of residual stresses.
The aim of this paper is to obtain the mean stress effect on the fatigue behaviour of DIN
34CrNiMo6 steel, a high strength steel commonly used in the engineering practice. Fatigue tests with
different stress ratios have been performed, and comparisons with empirical and physical methods
have been analysed. The fatigue data obtained has been used in order to obtain a non-empirical
method based on physical principles which can also be used as an analytical model to accurately
calculate the mean stress effect on other structural steels, including normalized and quenched and
tempered steels. Moreover, it can be applied to multiaxial fatigue stresses, such as taking place in
thermal and mechanical treatments, in which residual stresses are inherently multiaxial.
2. Testing Procedure
2.1. Material
The material used in the present fatigue campaign is a high strength 34CrNiMo6 steel provided
by Thyssen-Krupp in 30 mm diameter forged bars. This steel is commonly used in the engineering
practice in axles, shafts, rods, valves, pinions and other engineering parts with a high level of exigency
from the point of view of safety and reliability, and its microstructure is well documented in the
literature [35,36].
The heat treatment consisted in a normalization at 900 ◦C, followed by a quenching in oil and a
tempering at 570 ◦C. The resulting microstructure is the well-known ductile tempered martensite which
appears as a result of high temperature tempering processes. The main process responsible for the
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strengthening in this steel is the precipitation of a fine dispersion of alloy carbides during tempering.
The certified chemical composition was furnished with the material and is presented in Table 1.
The monotonic mechanical properties of this steel are given in Table 2, showing a ductile behaviour.
Table 1. Chemical composition of 34CrNiMo6 high strength steel (at. %).
Element C Cr Ni Mo Mn Si P S Fe
Weight (%) 0.345 1.565 1.565 0.237 0.710 0.275 0.0075 0.003 Balance
Table 2. Monotonic mechanical properties of 34CrNiMo6 high strength steel.
Monotonic Properties Symbol Value
Yield strength σyp 1084 MPa
Ultimate tensile strength σuts 1210 MPa
Reduction of area Z 60.2%
Elongation at fracture A 12.2%
This steel shows a homogenous microstructure based of fine tempered martensite, with a banded
orientation of the inclusions in the longitudinal section which cannot be observed in the transversal
section (Figure 3a,b). As was observed in other previous investigations regarding this steel,
porosity and many inclusions with different sizes were found [36], being round-shaped and small,
with maximum defect size equal to
√
area ≈ 5 µm.
Figure 3. Microstructure of the quenched and tempered 34CrNiMo6 high strength steel (a) Longitudinal
section; (b) Transversal section.
2.2. Specimens and Testing Machine
Fatigue tests were performed on standard hourglass specimens whose dimensions are given in
Figure 4. As was pointed out by other authors [37], hourglass geometry promotes the concentration of
failures in a very limited area of the specimen, so that the scatter is reduced.
The specimens were designed and manufactured following the recommendations of ASTM
E-466 [38]. A final average roughness Ra = 0.03 µm was measured.
Fatigue tests were performed in the laboratories of the Department of Mechanical Engineering
of the UPV/EHU (Spain), on a servo-hydraulic axial fatigue machine Instron 8805 MTB (Instron,
High Wycombre, UK), with a maximum available axial force of 100 kN. The tests were performed at
a frequency of 20 Hz. The run-out was fixed at 2 × 106 cycles. The failure criterion was defined as
a 10% loss in rigidity of the specimen.
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Figure 4. “Hourglass” specimen used in axial fatigue tests. Dimensions in millimeters.
3. Results and Experimental Correlation with Empirical and Physical Models
3.1. Fatigue Test Results
An axial fatigue campaign with four different stress ratios R = σmin/σmax has been performed,
namely R = −2, −1, −0.5 and 0.05, with a total number of 75 specimens considering all the
tests. Tests were stopped at a maximum fatigue life of 2 × 106 cycles, taking into account the
recommendations for the number of cycles of the fatigue limit for this type of steel [39]. The full
S-N curves (P = 50%) were adjusted with the well-known Basquin formulation in the form N = α·σβ
(α and β values in Table 3) commonly used in modern fatigue investigations with quenched
and tempered steels as in [40]. In Figure 5 the S-N curves for the different stress ratios are
presented, showing a measurable effect of the mean stresses for all the range of fatigue lives:
2 × 104 < N < 2 × 106 cycles. The ASTM E 739 standard has been used to obtain the Basquin
parameters. The standard deviation of the fatigue curves is within the range 10–15 MPa for all
the stress ratios. Thus, the staircase method according to ISO 12107:2012 with a step of 10 MPa has
been adopted for obtaining the fatigue limits.
Figure 5. Experimental S-N fatigue curves of DIN 34CrNiMo6 steel for different stress ratios (R).
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Table 3. Obtained fatigue strengths at 2 × 106 cycles for the different stress ratios together with the α
and β Basquin parameters of the inclined part of the S-N curves.
σm (MPa) σa (MPa) R (Stress Ratio) α β
−216 647 −2 1.14 × 1048 −15.000
0 615 −1 4.61 × 1042 −13.220
181 542 −0.5 1.79 × 1031 −9.338
522 472 0.05 6.37 × 1077 −26.889
As it can be observed in Figure 5, the S-N curve for R = 0.05 has a small slope, which is due to the
fact that the fatigue limit has a stress amplitude of 472 MPa and an mean stress of 522 MPa. Therefore,
the maximum stress is equal to 990 MPa, while σyp is 1084 MPa. Thus, there is only a margin of about
90 MPa for the inclined part of the S-N curve.
The results for 2 × 106 cycles are plotted in a Haigh diagram, see Figure 6. A second order
polynomial line was used to fit the experimental results, showing a good agreement with them.
The results show that the effect of the mean axial stress takes a great role in the fatigue strength. As was
shown in Figure 2 for other ductile materials, the results of the 34CrNiMo6 show a concave downward
shape function in the Haigh diagram.
Figure 6. Haigh diagram with the experimental results at 2× 106 cycles and a second order polynomial
interpolation showing a concave downward shape.
3.2. Fractographic Analysis of the Specimens
Fractographic analysis is not essential for the quantitative purposes of this work, but it enables us
to observe the planes of failure and the nature of the fatigue failure. Several previous works have dealt
with this particular steel, such as the works of Branco et al. [35,36].
As usually observed in the high cycle fatigue (HCF) region, crack initiation occurred at the very
late stage of the fatigue life: a macroscopic crack was not observed until very few cycles before the
final fracture. For number of cycles exceeding one million, initiation was produced in general at the
surface for the stress ratios R = −2, R = −1, R = −0.5, and R = 0.05 (Figure 7).
However, Figure 8 shows a deep subsurface initiation in an inclusion, which failed about 106 cycles
in a R = 0.05 axial test. This failure mode is prone to appear with an increase in the stress ratio in the
axial loading, as reported by Gaur et al. [41]. Moreover, a crack initiation beneath the surface is unlikely
in rotating-bending tests due to the gradient of the stress field, characteristic of the bending load.
Other authors have reported dissimilar behaviours between axial and rotating bending loading [42],
remarking that the high cycle failure for rotating bending loading takes place in the surface, and that
the internal defects can only create damage for very high cycle fatigue loadings.
The propagation took place in planes approximately corresponding to the maximum shear stress
amplitude plane, corresponding to an inclination of 45◦ to the axis of the specimen (Figure 9).
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Figure 7. Specimen microscopic cross-section fractures, showing initiation in the surface for the
following cases: (a) R = −2; σa = 440 MPa; σm = 0 MPa; Ncycles = 986,700; (b) R = −1; σa = 430 MPa;
σm = 0 MPa; Ncycles = 1,722,153; (c) R = −0.5; σa = 430 MPa; σm = 0 MPa; Ncycles = 1,193,924.
Figure 8. Fatigue fracture cross-section of a polished test specimen after 1,101,291 cycles with
a maximum stress σmax = 1040 MPa in a R = 0.05 axial test.
Figure 9. Specimen macroscopic fractures at: (a) R = −2; σa = 440 MPa; σm = 0 MPa; Ncycles = 986,700;
(b) R = −1; σa = 430 MPa; σm = 0 MPa; Ncycles = 1,722,153; (c) R = −0.5; σa = 430 MPa; σm = 0 MPa;
Ncycles = 1,193,924.
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3.3. Correlation of the Experimental Results with Empirical and Physical Models
3.3.1. Empirical Models
In Figure 10 the experimental results are shown together with the empirical lines of Gerber,
Goodman, Morrow and Dietmann in a Haigh diagram. The fracture strength σfB corrected by
Bridgman, which is necessary for the Morrow method, was estimated with the Dowling correlation
shown in Equation (6). In Table 4, the relative errors (%) of the different theories are presented
for N = 2 × 106 cycles. As can be observed, the Dietmann line offers the best agreement with the
experimental results. However, the other empirical methods are unable to correctly represent the
fatigue behaviour. The Gerber line is not conservative for the tension mean loads. The Goodman line,
usually considered as conservative for ductile metals [3,4], shows non-conservative behaviour for the
test with compression mean loads. The Morrow line fits the results better than Goodman and Gerber
but it is non-conservative in the compression side due to its linear nature.
Figure 10. Haigh diagram with the empirical lines of Gerber [18], Goodman [23], Morrow [24] and
Dietmann [28] and the experimental results at 2 × 106 cycles.
Table 4. Relative errors (%) of the different theories: Gerber [18], Goodman [23], Morrow [24] and
Dietmann [28] for N = 2× 106 cycles. Positive values mean conservative results predicted by the theory,
negative values non-conservative results.
R (σmin/σmax) σm (MPa) Gerber Goodman Morrow Dietmann
−2 −216 8.0 −12.0 −8.3 −3.2
−0.5 181 −10.9 3.5 −0.3 −4.6
0.05 522 −6.1 −25.9 13.4 1.7
3.3.2. Physical-Based Models
In this section the correlation of the experimental results with different physical principles based
theoretical models is analysed. Amongst these fatigue methods, the Crossland [30] method, based on
stress invariants, the Findley [32] critical plane method, and the energetic approach based methods of
Marin [17] and Froustey [31] will be considered. These methods take into account the effect of mean
stresses, and can be easily expressed through analytic formulations for the axial case.
In Figure 11 the four different theoretical predictions by Findley, Marin, Froustey and Crossland
are represented in a Haigh diagram together with the experimental results. As observed, none of the
methods is able to successfully represent the fatigue behaviour with superimposed static stresses.
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Figure 11. Haigh diagram with the physical lines of Findley [32], Crossland [30], Marin [17] and
Froustey [31] and the experimental results at 2 × 106 cycles.
In Table 5, the relative errors (%) of the different theories are presented for N = 2 × 106 cycles.
Marin’s and Froustey’s methods are non-conservative with mean tension loads, whereas they show
conservative behaviour in the mean compression loads region. It should be noted that the physical
methods predicted errors exceed the range (−10%, 10%). The Crossland’s method, which is the
most accurate amongst the physical methods, shows non-conservative behaviour for all the analysed
cases. The Findley critical plane method is non-conservative for compression mean loads, and highly
conservative for the R = 0.05 case.
Table 5. Relative errors (%) of the different theories: Crossland [30], Marin [17], Froustey [31] and
Findley [32] for N = 2 × 106 cycles. Positive values mean conservative results predicted by the theory,
negative values non-conservative results.
R (σmin/σmax) σm (MPa) Crossland Marin, Froustey Findley
−2 −216 −1.0 6.5 −8.1
−0.5 181 −7.5 −12.2 0.6
0.05 522 −10.5 −17.6 20.5
4. Development of an Energetic Fatigue Criterion for a DIN 34CrNiMo6 Quenched and
Tempered Steel
As has been commented previously, for engineering applications such as the ones based on
treatments which induce compressive residual stresses, it is of paramount importance to have
a method that accurately predicts the mean stress effect. Moreover, those residual stresses are generally
multiaxial, and the uniaxial empirical methods need some transformations to be adapted to the general
multiaxial case.
The formulation of Marin’s method (Equation (11)) is the simplest way to model the axial fatigue
problem with mean loads with an energetic approach. However, its application to the axial fatigue
loading with mean axial stresses gives a symmetrical Haigh diagram σm-σa, giving a conservative
prediction for the compressive mean stresses. Equation (16) can be interpreted as a balance of distortion
energy. The elastic energy of distortion WD is proportional to the second invariant of the stress deviator
tensor J2. Therefore, Equation (16) equalizes the distortion energy of amplitude to the static distortion
energy, where “a” and “b” are constants of the material:(√
J2,a
a
)2
+
(√
J2,m
b
)2
= 1 (16)
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The constants “a” and “b” of Equation (16) represent respectively the alternating and static von
Mises stress at which the material fails [17]. The elliptical shape represented by Equation (16) is
suitable for extra ductile materials in which the compressive mean stresses are as damaging as the
tensile mean stresses, as it is shown in Figure 1. However, it is widely accepted in the literature
that the Haigh diagrams are generally non-symmetrical, even for ductile materials, as it is shown in
Figure 2. Therefore the main criticism related to the Marin’s method is the non influence of the sign
and magnitude of the hydrostatic stresses [43,44].
In order to take into account the influence of the hydrostatic stresses and the non-symmetrical
shape of the Haigh diagram, a new formulation is proposed by modifying the Marin equation,
by including the mean value of the first invariant of the stress tensor I1,m, resulting in Equation (17):(√
J2,a
a
)2
+
(√
J2,m
b
)2
+
(
I1,m +Λ
c
)2
= 1 (17)
The third term of the Equation (17) represents the stored mean hydrostatic energy, which is
proportional to the squared value of the first invariant of the stress tensor I1,m, and related to the
energy required to change the volume. The parameter Λ, which can take a value equal or higher
than zero, allows a symmetry breaking of the Haigh diagram, as was predicted by the mesoscopic
theory of Papadopoulos [43], which states that the hydrostatic stresses create a non-symmetrical Haigh
diagram. Moreover, the constant Λ is linked with the hydrostatic stresses in the volume defects,
which, according to the Gurson theory, would increase the static strength in compression compared to
that in tension [45], as Equation (17) predicts when the parameter Λ takes a value higher than 0.
The parameter “c” of Equation (17) is a material constant which represents the static hydrostatic
load at which the material fails, and according to Bridgman’s extensive work [25], this constant should
be higher than the constant “b”, as ductile materials are more susceptible to fail from shear stresses
than from hydrostatic stresses.
The determination of the parameters can be done with 4 different tests in order to determine the
4 constants “a”, “b”, “c” and “Λ”. Following the procedure of Zenner et al. [46], the four different
selected test are the fully reversed axial and torsional fatigue limits σ−1 and τ−1, the repeated axial
and torsional fatigue limits σ0 and τ0. The algebraic determination of the values of the constants “a”,
“b”, “c” and “Λ” is presented in Appendix A, and their values shown in Equations (18a)–(18d):
a = τ−1 (18a)
b =
τ0
2
√
1−
(
τ0
2·τ−1
) (18b)
c =
σ0
2 ·
(√
1−
(
σ0
2
√
3
)2 · ( 1a2 + 1b2 )−
√
1−
(
σ−1√
3τ−1
)2) (18c)
Λ = c ·
√√√√1−( σ−1√
3τ−1
)2
(18d)
In case that some of the torsional fatigue tests were not available, one can use several correlations.
The value of the fully reversed torsional fatigue limit τ−1 can be estimated for steels using the mean
value of the NRIM (National Research Institute for Metals, Tokyo, Japan) extensive campaign on
structural steels [47], Equations (19a) for normalized steels and (19b) for quenched and tempered steels:
τ−1 ≈ 0.30·σuts (19a)
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τ−1 ≈ 0.36·σuts (19b)
The torsional repeated fatigue limit τ0 can be estimated for any ductile material through the
well-known Zenner formulation [46] by means of Equation (20):
τ0 ≈ 4 · τ−12 · σ−1σ0 + 1
(20)
The proposed physical method is applied to the 34CrNiMo6 steel, and the parameters for this
material are shown in Table 6. The parameter σ0, which is near to the experimental test σ0.05 = 994 MPa,
has been obtained by means of linear interpolation within the Haigh diagram. The values of torsional
fatigue strengths τ−1 and τ0 have been obtained by means of staircase tests following ISO 12107:2012.
The application of the approximate Equations (19b) and (20) to estimate the torsional fatigue limits τ−1
and τ0 would have led to errors lower than 1%. Moreover, as it can be observed, the constant “c” is
significantly higher than the constant “b”, showing a good agreement with Bridgman’s theory [25].
The physical method prediction is compared to the experimental axial fatigue data in Figure 12.
As can be observed in Figure 12, the predictions from the proposed method yield in a concave
downward shape. In Table 7, the relative errors (%) of the different theories are presented for
N = 2 × 106 cycles. Contrary to the other physical methods, the errors of the proposed physical
method are within the range (−10%, 10%).
Table 6. Parameters of the proposed method applied to 34CrNiMo6 steel.
Parameters σ−1 τ−1 σ0 τ0 a b c Λ
Values for
34CrNiMo6 steel 615 433 961 765 433 819 4092 2337
Figure 12. Haigh diagram with the experimental results for several structural steels and their
predictions from the proposed method, Equation (17).
Table 7. Relative errors (%) of the proposed physical theory for N = 2 × 106 cycles. Positive values
mean conservative results predicted by the theory, negative values non-conservative results.
R (σmin/σmax) σm (MPa) Proposed Theory (Equation (17))
−2 −216 2.6
−0.5 181 −7.5
0.05 522 2.6
In order to verify the applicability of the proposed physical method to other steels, the proposed
method is applied to several structural steels [6,11–13]. The material parameters are shown in Table 8.
The experimental fatigue limits σ−1, σ0 and τ−1 were readily available except for the fully reversed
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torsional fatigue limit τ−1 of the 30NiCrMo8 quenched and tempered steel, which was estimated using
the Equation (19b). As the repeated torsional fatigue limit τ0 was not available for the materials of
Table 8, the Zenner formula, Equation (20), has been applied. Moreover, as for the 34CrNiMo6 steel,
the constant “c” is significantly higher than the constant “b” for all the steels analysed, showing a good
agreement with Bridgman’s theory [25]. The predictions and experimental results are shown together
in a Haigh diagram in Figure 13. As it can be observed, the method is able to be adapted to each of the
experimental data sets with a concave downward shape.
Figure 13. Haigh diagram with the experimental results for several structural steels [6,11–13] and their
predictions from the proposed method, Equation (17).
Table 8. Parameters of the proposed method applied to several structural steels extracted from the
literature [6,11–13]. All the values of τ0 were estimated by means of Equation (20). The value of τ−1 for
the 30NiCrMo8 quenched and tempered steel [12] was estimated by means of Equation (19b).
Parameter σ−1 τ−1 σ0 τ0 a b c Λ
Values for En25 steel [11] 483 301 770 534 301 578 2163 813
Values for 30NiCrMo8 steel [12] 414 311 644 543 311 560 3528 2251
Values for 25CrMo4 steel [13] 361 228 600 414 228 493 2113 857
Values for 0.1C steel [6] 197 114 343 213 114 293 709 94
5. Conclusions
The effect of the mean stresses on the fatigue strength is measurable for the studied range of
fatigue life, between 2 × 104 and 2 × 106 cycles. The experimental points representing the fatigue
strength at 2 × 106 cycles plotted in the Haigh diagram show a non-symmetrical, concave downward
shape (Figure 6), which are in good agreement with previous tests with tensile and compressive mean
loads on other ductile materials such as quenched and tempered steels or ductile aluminium alloys, as
the ones represented in Figure 2.
In order to model the fatigue behaviour with mean stresses, the empirical methods, namely the
Gerber [18], Goodman [23], Morrow [24] and Dietmann [28] lines are the most used in the engineering
practice. The Gerber parabola predicts the same influence for tensile and compressive mean loads; and
the Goodman and Morrow lines predict a continuous increase in the fatigue strength with the growth
of the mean compression stress, showing a disagreement with the collected database of materials from
the literature [11–13,20,21], in which the compressive mean stresses provoke a deleterious effect on
the fatigue strength. Amongst the empirical methods, the Dietmann line shows the best agreement
with the experimental results on 34CrNiMo6 steel, being the only empirical method whose errors are
within the range (−10%, 10%).
The advanced fatigue theories are intended to explain the fatigue process modelling the damage
from a physical point of view. The energetic theories of Marin [17] and Froustey [31], based on the
elastic strain energy, are suitable for extra-ductile metals, which show a symmetrical Haigh diagram
Metals 2018, 8, 213 16 of 19
with a nearly elliptical shape. An example of this material is the 25CrMo4 steel represented in
Figures 1 and 2. However, the application of these methodologies to the high strength DIN 34CrNiMo6
steel results in non-conservative predictions for tensile mean loads and conservative predictions for
compressive mean stresses. Findley’s critical plane theory [32] and Crossland’s method [30] predict
a continuous increase in the fatigue limit with the increasing of the mean compression stress.
A new physical-based function for fatigue has been proposed in the present work (Equation (17)),
which allows us to fully represent the behaviour of the DIN 34CrNiMo6 steel with an improved
agreement over any other physical theory, with prediction errors within the range (−10%, 10%) in the
fatigue modelling (Table 7) and showing a non-symmetrical concave downward shape (Figure 12).
This function can also be applied to other ductile steels, as is shown in Figure 13, as the parametric
formulation presented allows an adaptation to any concave downward shape. Contrary to other
previous energetic formulations, such as the ones of Marin [17] and Froustey [31], the proposed method
allows accounting for the asymmetric effect of positive or negative mean stresses by incorporating the
contribution of the hydrostatic stresses.
The physical-based function for fatigue proposed in the present work, based on a balance of elastic
strain energies, could be extended to multiaxial fatigue, as the quantities used in the definition of the
function (J2a, J2m and I1m) can be directly applied to a multiaxial fatigue loading case. A multiaxial
fatigue campaign is in process to fully assess the energetic function.
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Appendix A. Derivation of the Parameters of the Proposed Physical Method
The derivation of the parameters takes into account previous works as those of
Papadopoulos et al. [43] and Zenner et al. [46] to derive the parameters. Four different tests will
be necessary to adjust the parameters, namely the fully reversed axial and torsional fatigue limits σ−1
and τ−1, and the repeated axial and torsional fatigue limits σ0 and τ0.
Appendix A.1. Fully Reversed Torsion Fatigue Test
The fully reversed torsion is suitable for the determination of the parameter “a”, as the mean value
of the second invariant of the deviator tensor J2,m is equal to zero; and there is no hydrostatic energy
involved in this test. The application of the fully reversed torsional fatigue limit τ−1 to Equation (17)
yields the following Equation (A1): (τ−1
a
)2
= 1 (A1)
Therefore, the parameter “a” takes the value of the fully reversed torsional fatigue limit τ−1, as it
is shown in Equation (A2):
a = τ−1 (A2)
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Appendix A.2. Repeated Torsion Fatigue Test
The repeated torsional fatigue limit τ0 is suitable for the determination of the parameter “b”, as
the there is no hydrostatic energy involved in this test and the parameter “a” has previously been
determined. The application of this test to Equation (17) yields Equation (A3):(
τ0
2 · τ−1
)2
+
( τ0
2 · b
)2
= 1 (A3)
Therefore, the parameter “b” can be expressed through Equation (A4):
b =
τ0
2
√
1−
(
τ0
2·τ−1
) (A4)
Appendix A.3. Fully Reversed Axial Fatigue Test
This test is usually applied in the derivation of the parameters as the mean values of I1 and J2 are
zero. The quantity
√
J2,a takes a value of σ−1/
√
3. The constant Λ takes a non-zero value as this is
a test without gradient and all the volume is loaded. The application of this test to Equation (17) yields
Equation (A5): (
σ−1√
3·τ−1
)2
+
(
Λ
c
)2
= 1 (A5)
As there are two unknown quantities, namely “Λ” and “c”, an extra equation is needed.
Appendix A.4. Repeated Axial Fatigue Test
All the quantities take a non-zero value for the repeated axial fatigue limit σ0. The application of
this test to Equation (17) yields Equation (A6):(
σ0
2 · √3·τ−1
)2
+
(
σ0
2 · √3·b
)2
+
( σ0
2 +Λ
c
)2
= 1 (A6)
The two unknown quantities “Λ” and “c” can be obtained by equalizing (A5) and (A6).
After algebraic calculations, both parameters can be obtained, Equations (A7) and (A8):
c =
σ0
2 ·
(√
1−
(
σ0
2
√
3
)2 · ( 1a2 + 1b2 )−
√
1−
(
σ−1√
3τ−1
)2) (A7)
Λ = c ·
√√√√1−( σ−1√
3τ−1
)2
(A8)
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